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A transmission line consisting of a parallel connection of shunted Josephson junctions is one of 
the base elements in the new Rapid Single Flux Quantum (RSFQ) logic. When an additional 
bias current is applied to the edge junction of the transmission line it generates and injects series 
of flux quanta on the line. This kind of pulse generators have important applications for testing 
RSFQ devices at high frequencies. In such experiments unwanted steps always show up in the 
1-V curve of the generator junction. This problem has been experimentally and numerically 
investigated for parallel arrays of identical junctions. Steps with extremely low differential 
resistance are found to be due to the self-induced magnetic field produced by the edge current. 
The underlying mechanism is that the non-uniform field divides the array into domains 
consisting of several (unit) cells each containing the same number of flux quanta. The influence 
of an applied homogeneous external magnetic field and a uniformly distributed bias current is 
also considered. 
1.lNTRODUCTlON 
A transmission line consisting of a parallel connection 
of shunted Josephson junctions is one of the base elements 
in the new Rapid Single Flux Quantum (RSFQ) logic, 
where much progress has been reported recently.’ The 
same type of circuits has also been used for many other 
applications in superconducting electronics, such as for ex- 
ample amplifiers and flux-flow transistors.2 The propaga- 
tion of single flux quanta (SFQ) through a resistively 
shunted Josephson junction is the fundamental process in 
RSFQ circuits. One of the base elements of RSFQ logic is 
the transmission line consisting of a parallel connection of 
shunted Josephson junctions. This line may be employed to 
transfer the SFQ pulses between active elements, to am- 
plify the magnetic field energy connected with the flux 
quantum,’ and to provide a time delay of fluxon 
propagation.34 The high frequency properties of RSFQ 
devices can be tested by rather simple dc measurements4” 
relying on the Josephson relation, f= (2e/h) V,, , which 
relates the frequency, f, of the internal Josephson oscilla- 
tion to the average voltage, V*,, across the junction. 
The parallel junction array may also be used as a SFQ 
generator. When an additional bias current is applied to 
the edge junction it generates flux quanta, which propagate 
down the transmission line. Unfortunately a number of 
characteristic steps appear in the 1-V curve of the fluxon 
generator junction. These steps have practically zero dif- 
ferential resistance and render the analysis of RSFQ cir- 
cuits more difficult. In the discussion of our experiments 
we show that neither internal junction (geometric) reso- 
nances nor cavity resonances (in the loop formed by the 
junction capacitance and the inductances of the supercon- 
ducting strips connecting the junctions) are responsible for 
these steps. The extremely low differential resistance of the 
steps cannot be explained by the usual two junction inter- 
ferometer model. The main aim of this paper is to deter- 
mine the nature of these steps. The same effect may have 
been observed recently in an experiment by van der Zant 
et aLs They investigated the dynamics of fluxons in under- 
damped junction arrays. Close to the transition tempera- 
ture (where the damping becomes large as in our experi- 
ment) they found similar steps in the 1-V curve. They 
tentatively related the observed steps to Fiske resonances; 
however, based on our observations, non-uniform current 
feeding as discussed below, might also be responsible for 
the steps. 
II. EQUIVALENT CIRCUIT 
Figure 1 shows the equivalent diagram of the circuit 
under investigation. The one-dimensional array consists of 
twenty parallel connected Josephson junctions (Ji -J.e) 
each of which are externally resistively shunted to provide 
a McCumber parameter, /?,z 1. The unit cell is a two- 
junction interferometer sharing its junctions with the 
neighboring cells. There are three bias currents supplied to 
the array. Ib is a uniformly distributed current applied to 
the individual junctions through the resistances RI-R,,. 
These resistances are ten times larger than the junction 
shunt resistances. 1,t is fed directly to the edge junction 
.Tr . le2 is fed directly to & and is used only when applying 
a magnetic field, which is controlled by adding a dc cur- 
rent, Ih , to 1,r and having 1,, = Ih at J20. The array voltage, 
V, is measured across one of the edge junctions. 
Ill. FABRlCATlON TECHNIQUE 
Standard trilayer Nb-AlO,-Nb technique was em- 
ployed to fabricate the 20-junction arrays with a critical 
current density of about 1 kA/cm2. The junctions were 
identical with the following characteristics: Critical current 
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FIG. 1. Equivalent circuit of one-dimensional array of over-damped Jo- 
sephson tunnel junctions (crosses). The resistances RI--Rrc provide a 
uniform bias current. A magnetic field may be introduced by adding a 
current, I,, , to one of the edge currents, say Z,i and subtracting it from the 
other, In. The array voltage, I’, is measured across one of the edge 
junctions. 
I,=265 ,uA, junction resistance (including the external 
shunt resistance) R = 1.75 fi. The junction capacitance is 
estimated to be C=O.8 pF,s giving a McCumber parameter 
&=2. We have estimated the capacitance connected with 
the overlap geometry to be negligible. This is conlirmed by 
measurements using different geometries. The inductances, 
L1- Lm, as measured with a two-junction interferometer 
located on the substrate close to the array had the self- 
inductance L=9.4pH. The junctions were circular with a 
diameter of 5 pm. 
IV. EXPERIMENTAL RESULTS 
The measured Y(lb) curve with fixed lel appears as a 
smooth curve that accurately fits to the predictions of the 
Resistively Shunted Junction (RSJ) model for a single 
junction, V=R,($-I,) 2 1’2* here R, is the total shunt re- 
sistance of the junctions in ;he array and I, is a function of 
le.. An external magnetic field introduced by 1h (with 
fixed edge current 1,l as described above) does not change 
the shape of the 1-V characteristic. It means that the bias 
current Ib is uniform and does not influence the magnetic 
field distribution in the array. On the contrary, an applied 
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FIG. 2. Array voltage, V, vs edge current, Ze,, measured for diierent 
values of the common bias current, Z,, for zero external magnetic Eeld 
(IpO, I&=0). 
Current (mA) 
FIG. 3. Experimental Y(Z,,) curves at different values of the magnetic 
Eeld and fixed common bias current, Zb=5.2 mA; (a) Ih=O.4 d, (bl 
Z,,=O.31 mA, (c) Zb=0.22 mA, and (d) 4=0.07 mA. The arrow indi- 
cates the shift of the same step. 
experimental V(I,t) curves obtained with zero magnetic 
field (Ih=O) for ten different fixed values of Ib are pre- 
sented in Fig. 2. 
The bias current, Ib, delines the velocity of fluxons 
moving through the array and influences the voltage posi- 
tions of the (nearly) horizontal steps. From the experi- 
mental curves we have found that the current width, 
&?I 9 of the steps is given by AIel=Q>dL, where 
4+,=h/(2e) is the magnetic flux quantum and L is the 
inductance connecting the junctions. The numerical simu- 
lations confirmed this observation. Accordingly, a new step 
appears when an additional fluxon penetrates into the ar- 
ray. This effect is similar to the one observed for a non- 
symmetrically biased two-junction interferometer, where 
the bias current induces a magnetic field in the interferom- 
eter loop, resulting in the well known modulation of the 
I-Y curve. The extremely small differential resistance of 
the steps in the junction array may be interpreted as being 
due to some kind of nonlinear resonant interaction. It is 
definitely not a geometrical resonance since the step volt- 
age varies with the common bias current Ib (as given 
60 
40 
Current 1, ,(mA) 
FIG. 4. Array voltage as function of magnetic field for fixed Zb=5.2 mA 
and Z,i = -0.22 mA. 
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FIG. 5. Computer simulation using the experimental parameter values of 
the circuit elements. Calculated V(I,,) curve for tierent values of the 
total uniform bias current, Ib . The step voltages are strictly proportional 
to &If,‘“. 
above), and also because the V(lb) characteristic is 
smooth. Furthermore the damping of the circuit is much 
too large for the observation of geometrical resonances. It 
seems as if the array is screening the applied magnetic field 
and only permits an integer number of fluxons to enter the 
array. 
Figures 3 (a)-3 (d) show a family of V(I@t) curves for 
different values of the uniformly applied magnetic field 
(fixed Ih) . It is obvious that decreasing the magnetic field 
shifts the steps towards larger 1,t values. Actually, exper- 
iments show that a new step appears whenever the mag- 
netic field is incremented by AIh=@>dL, corresponding to 
one more fluxon threading the array [see Figs. 3 (a)-3 (b)]. 
In the range AIh the magnetic field is unable to change the 
number of fluxons in the array. 
Figure 4 shows the array voltage as function of mag- 
netic field at the fixed edge current, Iel, where the steps 
appeared in Fig. 3(c). One can see that each new step 
reduces the critical current and results .in an increase of the 
voltage. Each time after the step has moved on to the right 
in Fig. 3 the critical current becomes large again. 
V. COMPUTER SIMULATION 
The 20-junction array has been simulated within the 
framework of the simple RSJ model as justified by the 
small shunt resistance. The junction parameters used in the 
simulations were close to the experimental values and are: 
Critical current 265 PA, resistance 1 a, capacitance 0.8 
pF, and inductance 9.4pH. The sample design was made in 
such a way that we avoided the influence of the microstrip 
HG. 6. Number of tluxons (N) located in a unit cell as function of cell number, i, and time, i. The time unit is 1 11s. The corresponding bias points are 
marked a-d in Fig. 5. The edge current was introduced to the 20th junction. 
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FIG. 7. Voltage (in mV) across individual junctions as function of its number, i, and time, t. The time unit is 1 ns. The edge current is introduced to 
the 20th junction. 
lines used in the circuit. That was done by careful use of 
filters, damping parameters and geometrical dimensions. If 
these precautions were not taken resonances due to such 
effects were easily observed in experiment. Hence in our 
simulations we do not include such effects. 
Figure 5 shows the calculated V(I,t ) curves at differ- 
ent values of the common bias current, Ib. There is good 
general agreement between the simulations and the exper- 
imental curves in Fig. 2. We note that the size of the steps 
and their voltage position agree between simulation and 
experiment. The same simulation made zero capacitance 
gave the same I-V curve, indicating that the steps are not 
caused by any LC resonance. We speculate that the dis- 
crepancy for 1,i > 0 may be caused by an additional para- 
sitic magnetic field in the experiment, or possibly accumu- 
lation of numerical errors (double precision) in the 
simulations, which were rather time consuming especially 
between steps. 
In order to understand the processes causing the step 
structure, two kinds of curves with bias points indicated 
a-d in Fig. 5 were calculated. The first is shown in Figs. 
6(a)-6(d) presenting the quantity N= (#i+l-$j)/2~ as a 
function of cell number, i, and time, t, where pi is the 
quantum-mechanical phase of junction i. N thus becomes 
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the number of fluxons in the cell dellned by junctions i and 
i+ 1, i.e., N=@/Q>s. By its definition N may take nonin- 
teger values during the transient flux propagation as can be 
seen in Fig. 6. Figures 7(a)-7(d) show the instantaneous 
voltage across the individual junctions as function of the 
same arguments. The voltage pulses observed appear when 
a Auxon is transferred from one cell to the next. From Fig. 
6 and Fig. 7 we see that the edge current causes a splitting 
of the array into sections (domains) each having predom- 
inantly the same number of fluxons per unit cell. 
One can see that the non-uniform magnetic field 
caused by the edge current penetrates into the array over a 
distance significantly larger than the Josephson penetration 
depth observed in long tunnel junctions. This is somewhat 
unexpected since the ratio of the Josephson inductance to 
the geometric inductance is only about 0.12. The first step 
[see Fig. 6(a) and Fig. 7(a)] seems to be due only to the 
edge current which is constant and dictates the repetition 
rate of the fluxon excitation. The step voltage depends on 
this repetition rate and on the average velocity of the 
fluxon. This also explains the increase of the step voltage 
with increasing total bias current depicted in Fig. 2 and 
Fig. 5. 
A more complex picture appears for higher order 
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steps. In Figs. 6(b)-6(d) and Figs. 7(b)-7(d) one can see 
that we have two types of domains; the one near the left 
edge looks like the one discussed above. The domains not 
reaching the edges are spatially symmetric; the junction in 
the middle of the domain (in the following called the lead- 
ing junction) switches first, producing a fluxon and an 
antifluxon that in turn propagate in opposite directions. 
That means that the total fluxon number within a symmet- 
rical domain is conserved at all times. This intrinsic feature 
characterizes all the symmetrical domains in Figs. 6(b)- 
6(d). The simulation shows that the number of domains 
changes as we go from one step to another, and that a 
variation of the edge current within the same voltage step 
only changes the spatial position of the leading junction in 
the edge domains. It looks as if there is a mutual phase- 
locking between the leading junctions belonging to differ- 
ent domains. The junctions are connected by a supercon- 
ductor and must be synchronized, leaving only the spatial 
location of the leading junction as the free parameter. 
VI. CONCLUSION 
We have computer simulated and experimentally in- 
vestigated the new effect of non-uniform magnetic field 
penetration into a one-dimensional array of over-damped 
Josephson junctions. Many of the experimental features 
have been found in the simulations but obviously a more 
reliable theory is required in order to analyze complex 
RSFQ circuits. The theoretical description of the nature of 
the effect is still open and it is not clear whether the effect 
is due to a non-uniform current distribution, a mutual 
phase-locking between domains, or some other mecha- 
nisms. 
Self-induced magnetic field effects can be also observed 
in non-uniform arrays and in magnetically extended Jo- 
sephson structures such as the novel high-T, junctions. 
The inhomogeneity of these junctions produces a compli- 
cated magnetic field distribution which in turn may result 
in the peculiarities seen in their 1-V characteristics. Inves- 
tigation of this problem by computer simulations is 
planned in the near future. 
The understanding of the effects described here also 
seems to offer an explanation of the deficiencies in the high 
frequency operation6 of the Josephson sampler. The pres- 
ence of domains on the transmission line causes an altered 
dependence of the time delay on the input voltage. 
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